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Let us consider the one-dimensional viscous Burgers equation:

ou ou 0%u
E"‘U%—g@a 336(0,1), tE(O’T)’

subject to the initial condition

u(x,0) = ug(x).

The look-ahead strategy:

Assume that the data at £ = t™ are given and exact.
Derive exact and approximate error functionals at ¢t = ¢" 1,
Build an adapted grid minimizing the approximate error functional.

Interpolate data to the adapted grid and perform one time step.
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Objectives (2/4)

Lett = t". We consider a grid

O=zy <z} <...<xhyyq =1

and define
Tiv12 = (@1 +27)/2, it1/2 = Tig1 — L5 -
Let
0
Lit1
ud _ ! / ug(z)dx
i+1/2 hi—|—1/2
ZBO
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Objectives (3/4)

Let us analyze an error functional associated with the donor scheme:

—n—+1 _

u u

ir1a = Liiyp (@)

i+1/2 hi—|—1/2 1+1 ) h?_|_1/2 St . St 7:

where f* denotes the flux at point 27,

4 1 (U?+1/2)2 it Ujyq/9 + Ui—1/2 >0,
2 (@} 1,5)° otherwise,

and

u; 2
min At" n+1/2 + © > | <1
¢ hi—|—1/2 (hi—|—1/2)
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Objectives (4/4)

Consider the following minimization problem:

min  F7 ({27'})
where Tt

z—|—1 z—|—1
n a™ 1 n n —n
-y [ =P = > [ = e
The stability condition and Taylor expansion give

/;?wtl (u(x, 75n—|—1) 7J+1/2({un}))2 1

ou (h?—i—l/2)3 (A" u +1/2) (hiy1/2 — hi- 1/2>
+
oz
z+1/2

12 4 h™
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Objectives (4/4)

Consider the following minimization problem:

min  F7 ({27'})
where Tt

’L—|—1 z—|—1
Z /| tn—l—l —n_|—_|—11/2|2dx _ Z /‘ tn—l—l ?_|_1/2(’L_l,n)‘2d$

2
) [(h?+1/2>3]
12 '
i+1/2

The stability condition and Taylor expansion give

/ " (ule, 41) - a0 do (?

)

mn
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Exact error functional (1/2)

Consider a grid

O=zg< 1 <...<Zpy41 =1
and define
Lit+1/2 = (Tig1 +2:)/2, hit1/2 = Tit1 — Z;.

Let f"(z) be a piecewise constant approximation of f(z). Then, the minimum of

the functional

1 Tit1

®((z:}, (Fuss2)) = [ (F(@) - dx—z / ) = Firrpa) da

0

1s achieved when
Lit1

- 1
i = x)dx
foura = 5 / f(z)
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Exact error functional (2/2)

Thus, the problem

min ®({xi},{fit1/2})

L1,y LM, f1/2a'“’fM—|—1/2

1s reduced to

i1

min  Fe,({x;}), Feo({x;}) = Z/ fz+1/2)2dx.

L1y.--3LM

The Taylor expansion with the Lagrange remainder gives

min  Fep({z:}), Fes(12i}) = 12 Z (gi

L1y M

2
3
) hit1)2
z+1/2
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Minimization & equidistribution (1/4)

Lemma. Let e; 1 /2(-, -): 2 — R be a set of functions defined by

Tit1
€it+1/2(Ti, Tiy1) = / g(z)dw, 0<z <zijp1 <1,
L
where g(x) > 0 is an arbitrary bounded function. Then

EP
wlI,nlIl Z Z—|—1/2 xz; .’L'z—l—l) (M n 1)p_1

where p is a positive integer and

M 1
E = Zei+1/2(xi, Tir1) = / g(x)dz.
i=0 0
Moreover, the minimum is achieved when e; 1 /2(%s, Ti41) = £/(M + 1).
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Minimization & equidistribution (1/4)

Lemma. Let e; 1 /2(-, -): 2 — R be a set of functions defined by

Tit1
€it+1/2(Ti, Tiy1) = / g(z)dw, 0<z <zijp1 <1,
X4

where g(x) > 0 is an arbitrary bounded function. Then

EP
wlI,nlIl Z Z—|—1/2 xz; .’L'z—l—l) (M n 1)p_1

where p is a positive integer and

M 1
E = Zei+1/2(xi, Tir1) = /0 g(x)dz.

1=0

Moreover, the minimum is achieved when e; 1 /2(;, xi+1)@g /(M +1).
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Minimization & equidistribution (2/4)

We introduce additional notations:

) 1 df
Yit1/2 =\ 19 Bz

Then, we can rewrite the functional F, as follows:

2
of
ew({xz}) Z (3:13 ) z+1/2 — Zez—|—1/2 — sz+1/2 i+1/2"
z—|—1/2

It 1s obvious that

2/3
) and éf1:+1/2 — @i+1/2hi+1/2-
z+1/2

2/3 9 2/3
dr and Z+1/2_>/‘ f
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Minimization & equidistribution (2/4)

We introduce additional notations:

R 1 df
Yitl/2 =\ 19 3z

Then, we can rewrite the functional F, as follows:

2
of
ew({xz}) Z (3:13 ) z+1/2 — Zez—|—1/2 — sz+1/2 i+1/2"
z—|—1/2

2/3
) and éf1:+1/2 — @i+1/2hi+1/2-
z+1/2

In other words, taking g(x) = |0f /0z|*/3, we get

Tit+1

Iy 1
€it1/2 — / g(x)dr and Zéi+1/2 —>/g(az)dx
ZT; 1=0 0
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Minimization & equidistribution (3/4)

The equidistribution principle,
€it1/2 = €i—1/2; 1=1,..., M,
may be rewritten as follows:
(Di—l—l/Q(xi—H —x;) — Cfh‘-1/2(33z‘ —x;_1) = 0.

It 1s a discretization of the non-linear elliptic equation

on a uniform grid with the coefficient w(x) given by

2/3

_|9f
|0z

w()

* Los Alamos

Sandia National Laboratory, January 16-17 -



Minimization & equidistribution (4/4)

A discrete analog of the nonlinear elliptic equation can be directly derived from

VF., =0.
Recall that
Ti+1
2

Fey {xz Z / fz—f—1/2) dz.
Then

OF,,; - -

oz, — Qf(xz') — fi—1/2 — fi—|—1/2 = 0.
The Taylor expansion at point x; results in
of 1 6°f
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Approximate error functional (1/7)

Let Ry, be an interpolation operator from grid {z?} to grid {x;}. Consider the
following minimization problem:

We assume that
W Ry 1s exact for linear functions;

W Ry, 1s conservative.

1 Ti41

/|f(:v)— [Rh(fh’o)] (55)|2d$=z / ‘f(w)_fi+1/2-|—0(h?+1/2) 2dg;

0
Iy 2
1 { of
19 (8:1: ) h?+1/2 + O(h?+1/2)
1= Lit1)2

(@)
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Approximate error functional (2/7)

Recall that
Z wz—|—1/2 z—|—1/2

Since the precise computation of coefficients w; 1 /o 18 impossible, they are
replaced by computable coefficients w; /9 such that w; 1 /0 & W; 1 /9,

Z+1/2 k=0 /
0

where 2, Tk = [Ti, Tiz1] N [29, 23 +1)- This results in an approximate

2

(@ — Tt1/2) — [Ra(fO™)](z)| do
kt1/2

5fh0
fk—|—1/2 [ St

Wit1/2 =

minimization problem:

min  Fg,({zi}), Fop({zi}) sz+1/2hz—|—1/2

L1140y LM
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Approximate error functional (3/7)

a% (w<x>§—§) —0,  2(0)=0, a(1)=1,

Algorithm (equidistribution principle)
Fork=1,..., K4 do
1. For the given grid {z*} compute values wf+1/2, i=0,...,M.
2. Perform one Gauss-Seidel sweep

k k k+1 k k+1 k+1y _ -
wz‘+1/2($z‘+1—xi )_wi_l/g(x' —x;77) =0, 1=1,..., M.

il JR—

3. Stop iterations if max |z¥ — 21| < TOL where TOL is the user
1

given tolerance.
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Approximate error functional (4/7)

min Fap({x'i})a ap {33@} sz—l—l/2hz+1/2

L1433 M

Algorithm (direct minimization)

Fork=1,..., Ky do

1. For the given grid {z*} compute values w” i=0,...,M.

i+1/2
2. Perform one Gauss-Seidel sweep

3 3
- N ER k41 a1 okl Kk
min { [%H/z (%341 — ; ﬂ ™ [‘%‘-1/2 (7 — x5y )} } )

okt
where 1 = 1,..., M, Ry is the interpolation operator from grid {:L'f}
to grid {xk‘H} and WP = Ry, (WhF).

3. Stop iterations if max [z¥ — 21| < TOL.
(/
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Approximate error functional (4/7)

M M
k k _ ~k+1 k+1
Z Wi1/2hiy1/2 = Z Wi 121 /o0

Algorithm (direct minimization)
Fork=1,..., Ky do

1. For the given grid {z*} compute values wfﬂ/z, i=0,...,M.

2. Perform one Gauss-Seidel sweep

3 3
: ~k+1 ok ket ~k4+1l okl k4l
n;}f}{[wiﬂm(xiﬂ Li )} +[wi—1/2(xi 5'31'_1)} }’
Z;

where i = 1, ..., M, Ry, is the interpolation operator from grid {:L'f’}
to grid {z* "1}, and &GPk = Ry, (whF).

3. Stop iterations if max [z¥ — 21| < TOL.
(/
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Approximate error functional (5/7)

Let us consider a test function f(x) given by

9r; + 572 . 1/2 —z . 3/8 —x
. ry =ex . 9 =eX :
10(ry + 72 + 7r2) ! P 50e : P50

fle)=1-

with € = 0.005. Let

M | Eqay"))  E({z;™™}) | E{z{"™})  E({ai™"})
16 2.99¢-2 1.01e-2 1.19¢-2 1.19¢-2
32 1.59e-2 4.99¢-3 5.22e-3 5.22e-3
64 | 7.99e-3 2.48e-3 2.51e-3 2.51e-3

128 | 4.00e-3 1.24e-3 1.24e-3 1.24e-3
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Approximate error functional (6/7)
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Approximate error functional (7/7)
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Grid smoothing (1/4)

Let the mesh steps satisfy the following condition:

hi_
@ Mimp_atlo oy
a+1 hz’—{—l/Q (87

Lemma. Let w; /2,2 =0,..., M, be given values of a monitor function. The
values w; 1 1/2,t=0,..., M, of a smoothed monitor function satisfying

- !

@ LT QT M,
a+1 7 w1/ «

can be computed by solving the system of M + 1 linear equations:

Wit1/2 — a(o+ 1) (Wiq3/2 — 20511 /2 + Wi—1/2) = Wit1/2,

where C:}_l/g — wl/g and (Z)M_|_3/2 — wM+1/2.
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Grid smoothing (1/4)

Let the mesh steps satisfy the following condition:

o Wivi/2 _ a+1 .
< i1/ < : 1=1,..., M.
a—+1 wi_l/g (87
Lemma. Let w; /2,7 =0,..., M, be given values of a monitor function. The
values w; 4 1/2,t=0,..., M, of a smoothed monitor function satisfying
) W; o+ 1 ,
< z+1/2§ : 1=1,..., M,

a—+1 _(Di—l/2 a

can be computed by solving the system of M + 1 linear equations:

Wit1/2 — ao+ 1)(Wiq3/2 — 20511 /2 + Wi—1/2) = Wit1/2,

where C:}_l/g — wl/g and (DM—I—3/2 — wM+1/2.
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Algorithm (direct minimization with smoothing)
Fork=1,..., K. do

1. For the given grid {z*} compute values wf+1/2, i=0,...,M.
2. Compute the smoothed values (Z)f" h1/20 1 =0,..., M, by solving the

tridiagonal system.
3. Perform one Gauss-Seidel sweep

3 3
; ~k+1 k k+1 ~k+1 k+1 k+1

k+1
$i+

where i = 1,..., M, Ry, is the interpolation operator from grid {z*}
to grid {z**1}, and OGP FH1 = Ry, (@F).

4. Stop iterations if max |z¥ — z¥™!| < TOL where TOL is the user
1

given tolerance.
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Grid smoothing (3/4)

Recall that

E({zi}) = V/Fea({2i}).

M | B({aP*)) | BGEPT))  B({#@™)
16 1.19¢e-2 1.62e-2 1.68e-2
32 5.22e-3 6.01e-3 6.50e-3
64 2.51e-3 2.68e-3 2.66e-3
128 1.24e-3 1.28e-3 1.25e-3
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Grid smoothing (4/4)
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Burgers equation (1/2)

LetT = 0.9, = 0.005 and

_ N ~1/2

cooriiniiiinionno ol —— Uniform grid ;

....... SN T e e _Adaptivegrid

08¢

NG 06y

0.4}

s o
- SRR S . . /// /
10' 10° 10° 0 0.2 0.4 0.6 0.8
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Burgers equation (2/2)

Let T' = 0.5, ¢ = 0 and the initial condition be the periodic function

ug(z) = 0.5 4 sin(27z).

O ux)

S uh(x) for M=32
_ u"(x) for M=64

0.2 0.4
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The error introduced by the numerical scheme can be ignored even for
lower order time integration schemes.

The error introduced by the numerical interpolation can be ignored when
the interpolation operator 1s more accurate than the discretization.

Necessity of a grid smoothing has been observed in many numerical

experiments.

The algorithms have shown a robust behavior for 1D Burgers equation.
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